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KINETIC THEORY OF NON-ABELIAN PLASMA:
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Kazan State University
Kremlevskaya street 18, 420008, Kazan, Russia
Abstract
The self-consistent system of master equations describing the kinetics of
a relativistic non-Abelian plasma, influenced by curvature interactions, is for-
mulated. Non-minimal (curvature induced) coupling is shown to modify all
the subsystems of the model: the gauge field equations, the gravity field equa-
tions and the kinetic equation for colored particles.
1 Introduction
Relativistic kinetic theory of non-Abelian plasma in its minimal version is developed
in detail (see, e.g., reviews [1, 2] for references). This theory is a direct non-Abelian
generalization of the kinetic theory of electrically charged relativistic particles and
focuses on the problems of quark-gluon plasma dynamics [3]. Taking into account
numerous astrophysical and cosmological applications of the quark-gluon plasma
theory, it is reasonable to discuss the non-minimal extension of the model describing
colored multi-particle systems in a strong gravitational field. Non-minimal extension
means that the Riemann, Ricci tensors and Ricci scalar appear in the kinetic equa-
tions, in the gauge field equations and in the gravity field equations as extra terms,
vanishing in the absence of tidal (curvature induced) interactions (see, e.g., [4, 5]).
The non-minimal extension of the gauge field equations was discussed in many pa-
pers, and a number of approaches have been proposed. One of them is connected
with a dimensional reduction of the Gauss-Bonnet action [6]. We use a non-Abelian
generalization of the non-minimal Einstein-Maxwell theory along the lines proposed
by Drummond and Hathrell for the linear electrodynamics [7]. Based on the results
of the paper [8], we considered in [9, 10, 11] a three-parameter gauge-invariant non-
minimal Einstein-Yang-Mills model, linear in curvature. The same idea is used here
to form the subsystem of non-minimally extended gauge field equations and grav-
ity field equations. The generalization of the kinetic equation for the non-Abelian
plasma, presented here, is based on three key elements. The first one is the theory
of extended phase space (see, e.g., [12, 13, 14, 15, 1, 2, 16]). The second element is a
four-vector of the (non-minimal) self-interaction force, changing the momentum of
a colored particle. This force enters the equation of particle dynamics and is a sub-
ject of phenomenological modeling. The third element is the scalar (non-minimal)
force-like term, which predetermines the evolution of color charges. This quantity
appears in the equation of charge dynamics, the generalization of the Wong equation
[17], and is modelled here phenomenologically.
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2 Kinetic equation on the extended phase space
2.1 Distribution function
The extended phase space in the non-minimal non-Abelian (SU(n)-symmetric) ki-
netic theory is (7 + n2)-dimensional, i.e., is based on four spacetime coordinates
xi, four-vector of particle momentum pk and n2 − 1 color charges Q(a) treated as
stochastic scalar variables, the distribution function being of the form
f
(
xi, pk, Q(a)
)
δ
(
pnp
n−m2c2
)
δ
(
G(a)(b)Q
(a)Q(b)−α2
)
δ
(
d(a)(b)(c)Q
(a)Q(b)Q(c)−α3
)
...
(1)
The Latin indices in parentheses stand for the group ones taking n2 − 1 values, the
symmetric tensor G(a)(b), defined as
G(a)(b) ≡ 2Tr t(a)t(b) , (2)
plays a role of a metric in the group space. t(a) are the Hermitian traceless generators
of SU(n) group, they satisfy the relations[
t(a), t(b)
]
= if
(c)
(a)(b)t(c) , (3)
where f
(c)
(a)(b) are the structure constants of the SU(n) group. The first delta-function
in (1) guaranties that the particle momentum lies on the mass-shell. The second one
prescribes the square of color charges to be constant and equal to α2. When we deal
with SU(n) group and n > 2, the third order Casimir invariant, d(a)(b)(c)Q
(a)Q(b)Q(c),
has to be constant, and the third delta-function appears in (1),.. etc. The completely
symmetric coefficients d(a)(b)(c) are defined by{
t(a), t(b)
}
≡ t(a)t(b) + t(b)t(a) =
1
n
δ(a)(b)I+ d
(c)
(a)(b)t(c) , (4)
I being the matrix-unity. Using the complete and incomplete measures
dQ ≡ dQ(1)dQ(2)...dQ(n2−1) , dQ/dQ(b) ≡ dQ(1)...dQ(b−1)dQ(b+1)dQ(n2−1) , (5)
one can define, respectively, the averaged and specific distribution functions:
f
(
xi, pk
)
=
∫
dQf
(
xi, pk, Q(a)
)
, f(b)
(
xi, pk, Q(b)
)
=
∫
dQ/dQ(b)f
(
xi, pk, Q(a)
)
.
(6)
2.2 Kinetic equation and its characteristics
The distribution function is considered to be a solution of the kinetic equation
pi
mc
∇̂if +
∂
∂pi
(
F if
)
+
∂
∂Q(a)
(
H(a)f
)
= J . (7)
Here ∇̂i is the Cartan derivative [13]
∇̂i ≡ ∇i − Γkilpl
∂
∂pk
, ∇̂ipk = 0 , ∇̂iQ(a) = 0 , (8)
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∇i is the covariant derivative and Γkil are the Christoffel symbols, associated with the
spacetime metric gik. J symbolizes the collision integral, the four-vector F i is a gen-
eralized force, depending on coordinates, particle momentum and color charges, the
scalar function H(a) is a force-like term predetermining the color charge evolution.
The physical sense of the terms F i and H(a) can be clarified using the characteristic
equations for the kinetic equation (7):
dxi
ds
=
pi
mc
,
dpi
ds
+
1
mc
Γikl p
kpl = F i , d
ds
Q(a) = H(a) . (9)
As a consequence of (1), the force F i is orthogonal to the particle momentum, i.e.,
F ipi = 0. This four-vector can be modelled as a sum of two forces
F i = g
mc
Q(a)F ik(a) pk +G
i
(self) . (10)
The first part is clearly the non-Abelian generalization of the Lorentz force in U(1)
- electrodynamics, and F ik(a) is the strength of the Yang-Mills field. The second part
includes the self-interaction forces of different types. We will discuss their structure
below. Analogously, due to (1) the following relations hold:
G(a)(b)H(a)Q(b) = 0 , d(a)(b)(c)H(a)Q(b)Q(c) = 0 , ... (11)
giving the key for modeling of the functions H(a).
2.3 Macroscopic moments and balance equations
The standard procedure of subsequent integration of the kinetic equation yields the
balance equations. The first one is the conservation law for the particle number:
∇iN i(x) = 0 , N i(x) ≡
∫
dPdQ f pi , dP ≡ √−g d4p . (12)
The second balance equation
∇kT ik(x) = mc
∫
dPdQ f F i , T ik(x) ≡
∫
dPdQ f pi pk (13)
relates to the evolution of the particle stress-energy tensor under the influence of
the force F i. The equations
∇kIk(a)(x) =
∫
dPdQ f H(a) , Ik(a)(x) ≡ 1
mc
∫
dPdQ Q(a)pk f (14)
describe the evolution of the color currents Ik(a): they become conservation laws
if the integral of H(a) vanishes. Finally, the balance of entropy is regulated by the
equation
σ(x) ≡ ∇iSi = kBmc2
∫
dP f
[
∂F i
∂pi
+
∂H(a)
∂Q(a)
]
, (15)
Si(x) ≡ −kBc
∫
dPdQ f pi [ln h∗f − 1] , (16)
where σ(x) is the entropy production scalar.
3
3 Non-minimal field equations
3.1 Gauge field
The Yang-Mills field strength Fmn and the Yang-Mills potential Ai are considered
to take values in the Lie algebra of the gauge group SU(n) [18]:
Fmn = −iGt(a)F (a)mn , Am = −iGt(a)A(a)m , (17)
where the real fields F (a)mn and A
(a)
m are connected as follows
F (a)mn=∇mA(a)n −∇nA(a)m + Gf (a)(b)(c)A(b)m A(c)n . (18)
The tensor F ik(a) satisfies the relation
DˆkF
∗ik
(a) = 0 , F
∗ik
(a) ≡
1
2
ǫiklsFls(a) , (19)
where ǫikls = 1√−gE
ikls is the Levi-Civita tensor, Eikls is the completely antisymmet-
ric symbol with E0123=1. The gauge invariant derivative Dˆk is defined as
DˆmT
(a)···
···(d) ≡ ∇mT (a)······(d) + Gf (a)·(b)(c)A(b)m T (c)······(d) − Gf (c)·(b)(d)A(b)m T (a)······(c) + ... , (20)
where T
(a)···
···(d) is arbitrary tensor in the group space. The Yang-Mills field strength
F ik(a) is considered to be a solution of the non-minimally extended master equations
for the gauge field. In the three-parameter non-minimal Einstein-Yang-Mills model
[9, 10, 11] these equations read
Dˆk
[
F ik(a) +RikmnF (a)mn
]
= Ii(a) , (21)
where the color current Ii(a) is given by (14), and the susceptibility tensor Rikmn is
Rikmn ≡ q1
2
R (gimgkn−gingkm)+q2
2
(Rimgkn−Ringkm+Rkngim−Rkmgin)+q3Rikmn .
(22)
Here q1, q2 and q3 are the constants of non-minimal coupling of the gauge and gravity
fields, Rikmn is the Riemann tensor, Rik is the Ricci tensor, R is the Ricci scalar.
3.2 Gravitational field
In the three-parameter non-minimal theory, linear in curvature, the equations for
the gravity field take the standard form (see [8, 9, 10, 11])(
Rik −
1
2
Rgik
)
= Λgik + κ
(
T
(YM)
ik + Tik + T
(NM)
ik
)
. (23)
The stress-energy tensor of pure Yang-Mills field is given by the term T
(YM)
ik :
T
(YM)
ik ≡
1
4
gikF
(a)
mnF
mn
(a) − F (a)in F nk (a) . (24)
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The term Tik denotes a stress-energy tensor of color particles, given by (13). The
non-minimal contribution T
(NM)
ik is presented by the decomposition
T
(NM)
ik = q1T
(I)
ik + q2T
(II)
ik + q3T
(III)
ik , (25)
T
(I)
ik = RT
(YM)
ik −
1
2
RikF
(a)
mnF
mn
(a) +
1
2
[
DˆiDˆk − gikDˆlDˆl
] [
F (a)mnF
mn
(a)
]
, (26)
T
(II)
ik = −
1
2
gik
[
DˆmDˆl
(
Fmn(a)F ln(a)
)
− RlmFmn(a)F ln(a)
]
−
− F ln(a)
(
RilFkn(a) +RklFin(a)
)
− RmnF (a)im Fkn(a) −
1
2
DˆmDˆm
(
F
(a)
in F
n
k (a)
)
+
+
1
2
Dˆl
[
Dˆi
(
F
(a)
kn F
ln
(a)
)
+ Dˆk
(
F
(a)
in F
ln
(a)
)]
, (27)
T
(III)
ik =
1
4
gikR
mnlsF (a)mnFls(a) −
3
4
F ls(a)
(
F ni (a)Rknls + F
n
k (a)Rinls
)
−
− 1
2
DˆmDˆn
[
F
n(a)
i F
m
k (a) + F
n(a)
k F
m
i (a)
]
. (28)
The conservation law is valid for the total stress-energy tensor:
∇k
(
T
(YM)
ik + Tik + T
(NM)
ik
)
= 0 , (29)
this fact can be verified directly, using the balance equations and Bianchi identities.
4 Non-minimal color forces
We obtained a self-consistent non-minimally extended evolutionary model for the
system of colored particles, which interact by gauge and gravitational fields. This
model is clearly a non-Abelian non-minimal generalization of the Einstein-Maxwell-
Vlasov model, which is investigated in detail by the Kazan Gravitational Group in
1975-2005 (see historical review in this issue). The system is non-linear and self-
consistent. For instance, in order to find the Yang-Mills field strength F ik(a) we should
solve the equations (21), in which the color currents Ik(a) are macroscopic moments
of the distribution function f . The latter is a solution of kinetic equation (7), which
contains, in its turn, the tensor F ik(a), which we search for. Thus, the kinetic equation
becomes implicitly non-minimal due to the curvature coupling of gravitational and
gauge fields. Let us now discuss a new aspect in the non-minimal extension of the
theory of non-Abelian plasma, namely, the explicit non-minimal generalization of
the force-like structures appeared in the kinetic equation.
4.1 Non-minimal self-force Gi(self)
The simplest reconstruction of this self-force, orthogonal to the particle four - mo-
mentum, yields
Gi(self) =
(
λ1R U
k + λ2R
k
m U
m
) (
δik pmp
m − pipk
)
+ λ3R
i
kmnp
kUmpn + ... (30)
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by analogy with the decomposition of the susceptibility tensor (22). Here Uk is a
four-vector of macroscopic velocity of the multi-particle colored system. This time-
like four-vector can be obtained by the Eckart receipt as Uk = Nk/
√
NmNm. It
is important that the self-force contains not only the microscopic particle momen-
tum pk, but the macroscopic quantity Uk(x), as well. This explain the word ”self-
interaction” in the force indication. If we take into account the particle spin, the
modeling possibilities of this force may be extended significantly (see, e.g., [19, 20]).
4.2 Non-minimal term H(a)
We suggest the following non-minimal phenomenological generalization of the Wong
equations [17]
Dˆ
ds
Q(a) ≡ d
ds
Q(a) +
g
mc
f
(a)
(b)(c)p
kA
(b)
k Q
(c) = H
(a)
(NM) . (31)
In the minimal theory the term H
(a)
(NM) vanishes, and we cover the standard case (see
[1, 2, 21, 22]). The non-minimal term H
(a)
(NM) can be modelled along the line of the
decomposition of the susceptibility tensor (22) as
H
(a)
(NM)=
[
δ
(a)
(b)−
Q(a)Q(b)
Q(c)Q(c)
]
F (b)mn
[
ω1R p
mUn+ω2R
m
s (p
nUs+psUn)+ω3R
mn
lsp
lUs+...
]
(32)
The equation (31) for the evolution of a color charge is gauge-covariant and contains
the susceptibility-like tensorial structures, which are adopted in the non-minimal
Einstein-Maxwell theory [23]-[27].
To conclude it is worth stressing that the presented model of evolution of the non-
minimal non-Abelian plasma is so far a general scheme to be supplemented with
exact solutions. We hope to discuss the corresponding solutions of cosmological
type, solutions with pp-wave and spherical symmetries in future papers.
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